We describe the structure of Hausdor locally compact semitopological -bisimple inverse ω-semigroups with compact maximal subgroups. In particular, we show that a Hausdor locally compact semitopological -bisimple inverse ω-semigroup with a compact maximal subgroup is either compact or it is a topological sum of its H-classes. We describe the structure of Hausdor locally compact semitopologicalbisimple inverse ω-semigroups with a monothetic maximal subgroups. We show the following dichotomy: a T locally compact semitopological Reilly semigroup B(Z+, θ) , τ over the additive group of integers Z+, with adjoined zero and with a non-annihilating homomorphism θ is either compact or discrete. At the end we establish some properties of the remainder of the closure of the discrete Reilly semigroup B(Z+, θ) in a semitopological semigroup.
Introduction and preliminaries
Further we shall follow the terminology of [10, 13, 17, 43] . By N (resp. N ) we denote the set of all positive (resp., non-negative) integers and by Z+ we denote the additive group of integers. We shall say that a set A intersects almost all elements of a in nite family K = {K i } i∈Ω of non-empty sets if A ∩ K i = ∅ only for nitely many elements of K. All topological spaces, considered in this paper, are Hausdor , if the otherwise is not stated explicitely. If A is a subset of a topological space X then by cl X (A) and int X (A) we denote the closure and interior of A in X, respectively.
A subset A of a topological space X is called regular open if A = int X (cl X (A)). We recall that a topological space X is called -semiregular if X has a base consisting of regular open subsets; -compact if each open cover of X has a nite subcover; -locally compact if each point of X has an open neighbourhood with the compact closure; -Čech-complete if X is Tychono and there exists a compacti cation cX of X such that the remainder cX \ c(X) is an Fσ-set in cX.
It is well-known (see [17, Section 3.9] ) and easy to show that every locally compact space is semiregular and Čech-complete. Given a semigroup S, we shall denote the set of idempotents of S by E(S). A semigroup S with the adjoined zero will be denoted by S (cf. [13] ). *Corresponding Author: Oleg Gutik: Ivan Franko National University of Lviv, Ukraine, E-mail: ogutik@gmail.com A semigroup S is called inverse if for every x ∈ S there exists a unique x − ∈ S such that xyx = x and yxy = y. In the following this element y will be denoted by x − and called the inverse of x. A map inv : S → S assigning to each s ∈ S its inverse s − is called the inversion. A semitopological (topological) semigroup is a topological space with a separately continuous (jointly continuous) semigroup operation. An inverse topological semigroup with continuous inversion is called a topological inverse semigroup. Also, a semitopological (topological) group is a topological space with a separately continuous (jointly continuous) group operation (and inversion).
The subset of idempotents of a semigroup S is denoted by E(S). If S is an inverse semigroup, then E(S) is closed under multiplication and we shall refer to E(S)
A topology τ on a semigroup S is called: -semigroup if (S, τ) is a topological semigroup; -shift-continuous if (S, τ) is a semitopological semigroup; and -inverse semigroup if (S, τ) is a topological inverse semigroup.
The bicyclic monoid C(p, q) is the semigroup with the identity , generated by two elements p and q and the relation pq = . The bicyclic monoid is a combinatorial bisimple F-inverse semigroup and it plays the important role in the algebraic theory of semigroups and in the theory of topological semigroups. For example, the well-known Andersen's Theorem [1] states that a ( -)simple semigroup with an idempotent is completely ( -)simple if and only if it does not contain the bicyclic semigroup. Eberhart and Selden showed that the bicyclic semigroup admits only discrete semigroup topology and if a topological semigroup S contains it as a dense subsemigroup, then C(p, q) is an open subset of S [15] . Bertman and West in [8] extended these results to semitopological semigroups. In [6, 7, 11, 12, 18, 22, 24, 26, 28, 29, 37] these topologizability results were extended to generalizations of the bicyclic semigroup. Stable and Γ-compact topological semigroups do not contain the bicyclic semigroup [2, 31] . The problem of an embedding of the bicyclic monoid into compact-like topological semigroups was discussed in [4, 5, 27] .
In [15] Eberhart and Selden proved that if the bicyclic monoid C(p, q) is a dense subsemigroup of a topological monoid S and I = S \ C(p, q) ≠ ∅ then I is a two-sided ideal of the semigroup S. In that paper they also described the closure of the bicyclic monoid C(p, q) in a locally compact topological inverse semigroup. The closure of the bicyclic monoid in a countably compact (pseudocompact) topological semigroups was studied in [5] .
In the paper [22] the author established the following dichotomy: a locally compact semitopological bicyclic semigroup with an adjoined zero is either compact or discrete. On the other hand, there was constructed a Čech-complete rst countable topological inverse bicyclic semigroup with adjoined non-isolated zero which is not compact. The above dichotomy was extended to locally compact λ-polycyclic semitopological monoids [6] , and to locally compact semitopological interassociates of the bicyclic monoid [23] .
Let S be a monoid and θ : S → H S ( ) a homomorphism from S into the group of units H S ( ) of S. The set N × S × N with the semigroup operation (i, s, j) · (m, t, n) = i + m − min{j, m}, θ m−min{j,m} (s)θ j−min{j,m} (t), j + n − min{j, m} , where i, j, m, n ∈ N , s, t ∈ S and θ is an identity map on S, is called the Bruck-Reilly extension of the monoid S and it is denoted by BR(S, θ). We observe that if S is a trivial monoid (i.e., S is a singleton set), then BR(S, θ) is isomorphic to the bicyclic semigroup C(p, q) and in case when θ : S → H S ( ) is the annihilating homomorphism (i.e., θ(s) = S for all s ∈ S, where S is the identity of the monoid S), then BR(S, θ) is called the Bruck semigroup over the monoid S [9] . For arbitrary i, j ∈ N and non-empty subset A of a semigroup S we de ne subsets A i,j and A i,j of BR(S, θ) as follows: A i,j = (i, s, j) : s ∈ A and A i,j = A i,j ∪ (i + , S , j + ) .
A regular semigroup S is ω-semigroup if E(S) is isomorphic to the ω-chain and S is bisimple if S constitutes a single D-class.
The construction of the Bruck semigroup over a monoid was used in [9] for the proof of the statement that every semigroup embeds into a simple monoid. Also Reilly and Warne proved that every bisimple regular ω-semigroup S is isomorphic to the Bruck-Reilly extension of some group [42, 48] , i.e., for every bisimple regular ω-semigroup S there exists a group G and a homomorphism θ : G → G such that S is isomorphic to the Bruck-Reilly extension BR(G, θ). A bisimple regular ω-semigroup is called a Reilly semigroup [41] . Later, similar as in the Petrich book [41] , the Reilly semigroup BR(G, θ) will be denoted by B(G, θ).
In [19] the author constructed a topological counterpart of the Bruck construction. Also in [19, 21] he studied the problem of topologization of the Bruck semigroup over a topological semigroup. A. Selden described the structure of locally compact bisimple regular topological ω-semigroups and studied the closures of such semigroups in locally compact topological semigroups in [44] [45] [46] . In the paper [25] shift-continuous topologizations of the Bruck-Reilly extension BR(S, θ) of a semitopological semigroup S are studied.
An inverse semigroup S is called a -bisimple ω-semigroup if S has two D-classes: S \ { } and { }, and E(S) \ { } is order isomorphic to the ω-chain. The results of the Lallement and Petrich paper [33] imply that every -bisimple inverse ω-semigroup is isomorphic to a Reilly semigroup with adjoined zero B(G, θ) .
In this paper we describe the structure of locally compact semitopological -bisimple inverse ω-semigroups with a compact maximal subgroup. In particular, we show that a locally compact semitopological -bisimple inverse ω-semigroup with a compact maximal subgroup is either compact or topologically isomorphic to the topological sum of its H-classes. We describe the structure of locally compact semitopological -bisimple inverse ω-semigroups with a monothetic maximal subgroups. In particular we prove the dichotomy saying that a locally compact T -semitopological Reilly semigroup B(Z+, θ) , τ over the additive group of integers Z+, with adjoined zero and with a non-annihilating homomorphism θ is either compact or discrete. At the end we establish some properties of the the remainder of the closure of the discrete Reilly semigroup B(Z+, θ) in a semitopological semigroup.
On a topological Bruck-Reilly extension of a semitopological monoid
Later we need the following proposition which is a simple generalization of Lemma 1.2 from [40] and follows from Theorem XI.1.1 of [41] . 
Proof. Assertions (i) and (ii) follow from the de nition of the semigroup BR(S, θ) and the separate continuity of the semigroup operation in BR(S, θ), τ BR . (iii) Since (i, s, i) · (i + , S , i + ) = i + , θ(s), i + for any s ∈ S, assertions (i) and (ii), and the separate continuity of the semigroup operation of BR(S, θ), τ BR imply that the homomorphism θ : S → H S ( ) is a continuous map, because the following diagram
commutes, where ρ (i+ , S ,i+ ) is the right shift on the semigroup BR(S, θ) by the element (i + , S , i + ).
(iv) Since (n, S , i) (i + , S , j + )(j, S , m) = (n + , S , m + ), assertion (iv) follows from the de nition of the semigroup BR(S, θ), the separate continuity of the semigroup operation in BR(S, θ), τ BR and (iii).
(v) If θ : S → H S ( ) is the annihilating homomorphism, then it is obvious that S i,i is a subsemigroup of BR(S, θ) for any non-negative integer i such that (i + , S , i + ) is zero of S i,i , and next we apply item (iv).
(vi) The semigroup operation of BR(S, θ) implies that
, for all integers m, n i,
for all non-negative integers m, n < i. 
Without loss of generality we may assume that
Fix an arbitrary (m, t, n) ∈ V. Then we have that m k + i and n i. This implies that
and hence We observe that the continuity of the group operation and inversion in a locally compact semitopological group (G, τ G ) follows from well-known Ellis' Theorem (see [16, Theorem 2] ). The following corollary describes the structure of -bisimple inverse ω-semigroups and it follows from Theorem 4.2 of [39] (also see corresponding statements in [33] and [34] ).
Corollary 2.6. Every -bisimple inverse ω-semigroup S is isomorphic to a Reilly semigroup with adjoined zero
Later in this paper by 0 we shall denote the zero of a Reilly semigroup with adjoined zero B(G, θ) .
By Theorem 3.3.8 from [17] , every open subspace of a locally compact space is locally compact and hence Corollaries 2.5 and 2.6 imply the following theorem. On locally compact semitopological -bisimple inverse ω-semigroups with compact maximal subgroups
In this section we describe the structure of locally compact semitopological -bisimple inverse ω-semigroups with compact maximal subgroups. Proof. By Theorem 2.7 there exist a compact semitopological group (which by the Ellis Theorem is a topological group [16] ) (G, τ G ) and a continuous homomorphism θ : G → G such that the semitopological semigroup S is topologically isomorphic to a topological Bruck-Reilly extension B(G, θ) , τ B of (G, τ G ) with an adjoined zero. It is obvious that every non-zero H-class of the semigroup B(G, θ) coincides with G i,j for some i, j ∈ N . Then items (ii) and (vi) of Proposition 2.4 imply the assertion of the lemma.
For an arbitrary group G and a homomorphism θ : G → G we de ne a map η : BR(G, θ) → C = C(p, q) ∪ { } by the formulae η(i, g, j) = q i p j and η(0) = , for g ∈ G and i, j ∈ N . Then using Proposition 2.1 we can show that the map η is a homomorphism and hence the relation η on BR(G, θ) de ned in the following way (i, s, j)η (m, t, n) if and only if i = m and j = n, and 0η 0
is a congruence on the semigroup BR(G, θ) . • perfect if X is Hausdor , f is a closed map and all bers f − (y) are compact subsets of X [47] .
Every perfect map is closed, every closed map and every hereditarily quotient map are quotient [17] . Moreover a continuous map f : X → Y from a topological space X onto a topological space Y is hereditarily quotient if and only if for every y ∈ Y and every open subset U in X which contains f − (y) we have that y ∈ int Y (f (U)) (see [17, 2.4 .F]). 
Since every -bisimple inverse ω-semigroup is isomorphic to a Reilly semigroup with adjoined zero, the last equality and Lemma 3.1 imply that U
* is an open subset of the space B(G, θ) , τ B , and since η is a quotient map and
we conclude that η(U) is an open subset of the space C .
The following simple example from the paper [22] shows that the semigroup C admits a shift-continuous compact Hausdor topology. 
Proof. Suppose to the contrary that there exists an open neighbourhood
is compact. By Lemma 3.1 the family
is an open cover of the compactum H i (U 0 ) and hence there exists a positive integer j such that [U0] i ,n = cl B(G,θ) (U 0 ) i ,n for all n j . Since
is an open neighbourhood of zero. By Lemma 3.1, the family
is an open cover of the compactum H i (U 0 ) and hence there exists a positive integer j j such that
, τ B is locally compact, without loss of generality we may assume that the neighbourhood U 0 is a regular open set. This implies that U 0 is a regular open set too. So there ex-
Then by Lemma 3.1, the family
is an open cover of H i (U 0 ) having no nite subcovers. This contradicts the compactness of H i (U 0 ), and hence the set j ∈ N : G i ,j U 0 is nite.
Suppose case ( ) holds. Then there are in nitely many non-negative integers j such that
is an open subset of B(G, θ) , τ B and hence the set
is an open cover of the compactum H i (U 0 ). Then the continuity of the right shift ρ ( , G , ) and the equality
Hence, the open cover V i of H i (U 0 ) does not have nite subcovers, which contradicts the compactness of H i (U 0 ), and hence the set j ∈ N : G i ,j U 0 is nite.
The proof of the statement that the set j ∈ N : G j,i U 0 is nite, is similar. 
At (k + )-th step of induction we de ne pair (i k+ , j k+ ) ∈ A U 0 as follows. Let i k+ be the smallest integer > i k such that G i k+ ,j U 0 , j ∈ N . By Lemma 3.8, there exits j k+ = max j ∈ N : G i k+ ,j U 0 . Our assumption and Lemma 3.8 imply that the ordered pair (i k+ , j k+ ) belongs to A U 0 . Now, by the separate continuity of the semigroup operation in B(G, θ) , τ B there exists an open neigh-
is an open cover of the compact set cl B(G,θ) (U 0 ). Then the continuity of the right shift ρ ( , G , ) implies that [V0] in ,jn+ ≠ G in ,jn+ for in nitely many pairs (in , jn + ). This implies that [U0] in ,jn+ \ [V0] in ,jn+ ≠ ∅ for in nitely many pairs (in , jn + ). Then above arguments guarantee that the cover V has no nite subcovers, which contradicts the compactness of cl B(G,θ) (U 0 ). 
is a base of the topology τ
Simple veri cations show that the semigroup operation in B(G, θ) , τ ⊕ B is separately continuous.
In Example 3.11, we extend the construction proposed in Example 3.4 onto compact semitopologicalbisimple inverse ω-semigroups with compact maximal subgroups. Since the bicyclic monoid C(p, q) does not embed into any compact topological semigroup [2] , Theorem 3.12 implies the following corollary.
I.e., τ

Corollary 3.13. If S be a locally compact topological -bisimple inverse ω-semigroup with a compact maximal subgroup G distinct from zero, then S is topologically isomorphic to
Later we shall need the following trivial lemma, which follows from the separate continuity of the semigroup operation in semitopological semigroups. Since I is a compact ideal of the semitopological semigroup B(G, θ) I , τ , π − (y) is a compact subset of B(G, θ) I , τ for every y ∈ B(G, θ) I /I. By Din' N'e T'ong's Theorem (see [14] and hence it is compact.
Finally, we prove that the space B(G, θ) I , τ is compact. Let U = {Uα : α ∈ I} be any open cover of
Since I is compact, it can be covered by some nite subfamily U = {Uα , . . . , Uα n } of U. Since every Bruck-Reilly extension contains the bicyclic monoid C(p, q) and compact topological semigroups do not contain the semigroup C(p, q), Theorem 3.15 implies the following corollary.
Corollary 3.16. Let (B(G, θ) I , τ) be a locally compact topological bisimple inverse ω-semigroup with a compact group of units G and an adjoined compact ideal I, i.e., B(G, θ) I = B(G, θ) I. Then the ideal I is open in
On locally compact semitopological -bisimple inverse ω-semigroups which contain the additive group of integers as a maximal subgroup
The structure of a locally compact topological group with adjoined non-isolated zero was described by Hofmann in [32] : When G is a semitopological semigroup which is a locally compact group with adjoined non-isolated zero then its structure is more complicated comparing to that described by Hofmann's theorem. Thus in this section we consider a simple case of the additive group of integers Z+. We shall denote by Z + the additive group of integers Z+ with adjoined zero which is a semitopological semigroup and by Z+ the neutral element of the group Z+. [17, Theorem 3.9.3] ) the space Z+ has an isolated point. Since translations in Z+ are homeomorphisms, the subspace Z+ is discrete.
We need two technical lemmas. 
and 
, and U 
and
where
Example 4.9. We de ne a topology τ− on B(Z+, θ) in the following way. Let (i, g, j) be an isolated point of B(Z+, θ), τ− in the following cases: 
be a shift-continuous locally compact topology on B(Z+, θ). Then one of the following conditions holds: (i) τ is discrete; (ii)
for arbitrary i, j ∈ N , and the right shift ρ ( , Z+ , ) : B(Z+, θ), τ → B(Z+, θ), τ , x → x · ( , Z+ , ) is continuous, the subspace (Z+) , = ρ − ( , Z+ , ) ( , Z+ , ) of B(Z+, θ), τ is closed, and hence the local compactness of B(Z+, θ), τ and Theorem 3.3.8 from [17] imply that (Z+) , is locally compact. It is obvious that (Z+) , with the induced semigroup operation from B(Z+, θ) is isomorphic to Z + , and hence the statement of Proposition 4.5 for the locally compact subsemigroup (Z+) , holds. Proposition 2.4(iv) completes the proof of our theorem.
The following corollary of Theorem 4.10 describes all semigroup Hausdor locally compact topologies on the Reilly semigroup B(Z+, θ) in the case when θ is the annihilating homomorphism.
Corollary 4.11. For a locally compact topological semigroup B(Z+, θ), τ with the annihilating homomorphism θ exactly one of the following conditions holds: (i) τ is discrete;
(ii) τ = τ+; (iii) τ = τ−.
Proposition 4.12. If θ is the annihilating homomorphism and τ is a shift-continuous locally compact topology on B(Z+, θ) such that the induced topology of τ on B(Z+, θ) is discrete, then τ is discrete.
Proof. Suppose to the contrary that the zero 0 is not an isolated point of B(Z+, θ) , τ .
Since all non-zero elements of the semigroup B(Z+, θ) are isolated points in B(Z+, θ) , τ , the binary relation η on B(Z+, θ) de ned by formula (1) For all non-negative integers k and l we put (
It is obvious that B(Z+, θ) = Z ∪ O. 
Proposition 4.13. Let θ be the annihilating homomorphism and τ be a locally compact topology on B(Z+, θ) such that B(Z+, θ) , τ is a semitopological semigroup with non-isolated zero 0 and the induced topology of τ on B(Z+, θ) coincides with the topology τ cf . Then the following assertions hold: (i) for any non-negative integers i and j the set ( Z+) i,j is open and compact in B(Z+, θ) , τ and hence it is closed; (ii) every open neighbourhood U 0 of zero in B(Z+, θ) , τ intersects in nitely many elements of the family Z;
(Z+) i ,j , . . . , (Z+) i k ,j k such that (Z+) i ,j ∪ . . . ∪ (Z+) i k ,j k ∪ U 0 = B(Z+, θ) .
Proof. (i) Since B(Z+, θ) is an open subset of B(Z+, θ) , τ , the set ( Z+) i,j is open for any non-negative integers i and j. Moreover, the de nition of the topology τ cf on B(Z+, θ) implies that ( Z+) i,j is compact, and since
τ is Hausdor , the set ( Z+) i,j is closed.
(ii) Suppose to the contrary that there exists an open neighbourhood U 0 of zero in B(Z+, θ) , τ which intersects nitely many elements of the family Z. The de nition of the topology τ cf on B(Z+, θ) implies that the set ( Z+) i,j is compact for all non-negative integers i and j, and hence our assumption implies that there exists nitely many ( 
our assumption implies that the set U 0 \ V 0 intersects in nitely many elements of the family Z, which contradicts assertion (iii). Next we suppose that that for an arbitrary open neighbourhood W 0 of zero in B(Z+, θ) , τ there exists a non-negative integer i such that W 0 intersects in nitely many elements of the family Z of the form ( Z+) i ,j . We shall prove that for an arbitrary non-negative integer k the neighbourhood W 0 intersects in nitely many elements of the family Z of the form ( Z+) k,j . The separate continuity of the semigroup operation in This assumption, statements (x) and (xi) imply that there exists an in nite sequence (in , gn , jn) : n ∈ N in B(Z+, θ) \ U 0 such that gn ∈ Z+ for n ∈ N, {in : n ∈ N} and {jn : n ∈ N} are increasing sequences of the positive integers.
Also, statements (x) and (xi) imply that without loss of generality we may assume that for elements of the sequence (in , gn , jn) : n ∈ N the following condition holds: and
imply that the set U 0 \ V 0 intersects in nitely many elements of the family Z, which contradicts (iii).
Theorem 4.14. Let θ be the annihilating homomorphism and τ be a shift-continuous locally compact topology on B(Z+, θ) such that the induced topology of τ on B(Z+, θ) coincides with the topology τ cf . Then either B(Z+, θ) , τ is compact or zero is an isolated point in B(Z+, θ) , τ . Moreover, if B(Z+, θ) , τ is compact, then the family
where for any positive integer p the set Mp is one of the following sets: N , m, n ∈ N, de nes a base of the topology τ at zero 0 of B(Z+, θ) .
Proof. It is obvious that B(Z+, θ), τ cf with the adjoined isolated zero is a locally compact semitopological semigroup.
Later we assume that zero 0 is non-isolated point of B(Z+, θ) , τ . By Proposition 4.13(i), for any non-negative integers i and j the set ( Z+) i,j is open and compact in B(Z+, θ) , τ , and hence by Proposition 2.4(i) and the de nition of the topology τ cf on B(Z+, θ) we have that ( , Z+ , i) and (j, Z+ , ) are isolated point in B(Z+, θ) , τ for all non-negative integers i and j. For any non-negative integers i and j put B(Z+, θ) is an open subset of B(Z+, θ) , τ , by the de nition of τ+ the set N i,j is open for any non-negative integers i and j. Moreover, the de nition of the topology τ+ on B(Z+, θ) implies that N i,j is compact, and since τ is Hausdor , N i,j is closed.
Proof. (i) Since
(ii) Suppose to the contrary that there exists an open neighbourhood U 0 of zero with the compact closure in B(Z+, θ) , τ which intersects nitely many elements of the family N + . By the de nition of the topology τ+ on B(Z+, θ) the set N i,j is compact for all non-negative integers i and j, and hence without loss of generality we may assume that U 0 ∩ N + = ∅. By the equality
the separate continuity of the semigroup operation in B(Z+, θ) , τ and assertion (i) the set Suppose that there exists an in nite increasing sequence {jn} n∈N such that U 0 ∩ N ,jn = ∅ for any elements jn of {jn} n∈N . Without loss of generality we may assume that the sequence {jn} n∈N is maximal, i.e., Later we need the following two folklore lemmas.
Lemma 4.18. Let θ : Z+ → Z+ be a homomorphism. Then the image θ(Z+) is isomorphic to the additive group of integers Z+ if and only if θ is non-annihilating.
Proof. The implication (⇒) is trivial.
(⇐) Suppose that a homomorphism θ is non-annihilating. Since the group Z+ is generated by the element we have that θ( ) = n ≠ Z+ ∈ θ(Z+) ⊆ Z+ for some integer n. This implies that the image θ(Z+) generated by the element n as a subgroup of Z+, and since Z+ is isomorphic to the free group over a singleton set, θ(Z+) is isomorphic to the subgroup nZ+ = {nk : k ∈ Z+} of Z+. It is obvious that nZ+ is isomorphic to Z+. Proof. We consider only the case of α · χ = β. The proof in the other case is similar. Put α = (n , z , m ) , β = (n , z , m ) and χ = (n, z, m) .
Then the semigroup operation of B(Z+, θ) implies that We recall that a topological space X is said to be Baire, if for each sequence A , A , . . . , A i , .
. . of open dense subsets of X the intersection ∞ i= A i is dense in X. [30] . It is well known that every Čech-complete (and hence every locally compact) space is Baire (see [17, Section 3.9] ).
The following theorem describes Baire T -semitopological semigroups B(Z+, θ), τ with a non-annihilating homomorphism θ.
Theorem 4.21. If θ is an arbitrary non-annihilating homomorphism then every shift-continuous Baire Ttopology on B(Z+, θ) is discrete.
Proof. Since the space B(Z+, θ), τ is Baire and countable, B(Z+, θ), τ contains an isolated point (i , z , j ), where i and j are non-negative integers and z ∈ Z+. Fix an arbitrary element (i , z , j ) ∈ B(Z+, θ). 
Corollary 4.22. If θ is an arbitrary non-annihilating homomorphism then every shift-continuous locally compact T -topology on B(Z+, θ) is discrete.
Now we obtain the description of Baire T -semitopological semigroups B(Z+, θ) , τ with a non-annihilating homomorphism θ. B(Z+, θ) , τ and any non-negative integer i we have that U 0 ∩ Z i,j ≠ ∅ for in nitely many sets of the form Z i ,j , j ∈ N . Hence we get that U 0 ∩ Z ,j ≠ ∅ for in nitely many sets of the form Z ,j , j ∈ N .
Suppose that there exists an in nite increasing sequence {jn} n∈N of non-negative integers such that U 0 ∩ Z ,jn = ∅ for any element jn of {jn} n∈N . Without loss of generality we may assume that the sequence {jn} n∈N is maximal, i.e., U 0 ∩ Z ,j ≠ ∅ for any non-negative integer j / ∈ {jn} n∈N . Then there exists a subsequence Proof. Fix an arbitrary element y ∈ I. If xy = z / ∈ I for some x ∈ B(Z+, θ), then there exists an open neighbourhood U(y) of the point y in the space S such that {x} · U(y) = {z} ⊂ B(Z+, θ). The neighbourhood U(y) contains in nitely many elements of the semigroup B(Z+, θ). This contradicts Proposition 4.20. The obtained contradiction implies that xy ∈ I for all x ∈ B(Z+, θ) and y ∈ I. The proof of the statement that yx ∈ I for all x ∈ B(Z+, θ) and y ∈ I is similar.
Suppose to the contrary that xy = w / ∈ I for some x, y ∈ I. Then w ∈ B(Z+, θ) and the separate continuity of the semigroup operation in S implies that there exist open neighbourhoods U(x) and U(y) of the points x and y in S, respectively, such that {x} · U(y) = {w} and U(x) · {y} = {w}. Since both neighbourhoods U(x) and U(y) contain in nitely many elements of the semigroup B(Z+, θ), both equalities {x} · U(y) = {w} and U(x) · {y} = {w} contradict mentioned above Proposition 4.20. The obtained contradiction implies that xy ∈ I.
Later we need the following trivial lemma, which follows from separate continuity of the semigroup operation in semitopological semigroups. N'e T'ong's Theorem (see [14] or [17, 3.7 
